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A B S T R A C T

The computational efficiency of SBFEM is closely related to the number of integration points in the element 
domain. This paper proposes the linearly consistent one-point integration scheme for two-dimensional (2D) 
polygonal SBFEM, designed to enhance its computational efficiency. By incorporating the linear strain smoothing 
technique and introducing higher-order derivatives via Taylor’s expansion, the proposed method reduces the 
number of integration points to one per sub-triangle of polygon, significantly reducing the computational cost 
compared to conventional integration schemes. The essence of the proposed method lies in correcting the de
rivatives of the nodal shape functions at the one integration point of the geometric center by the discrete form of 
the divergence theorem, numerical stabilization is achieved by introducing higher-order terms through Taylor’s 
expansion. Several benchmark problems are employed to validate the accuracy and the robustness of the pro
posed method, the results demonstrate that the proposed one-point integration scheme achieves comparable 
accuracy to the three integration points while significantly reducing computational costs by 45%-60%. This 
advancement not only improves the efficiency of SBFEM but also broadens its applicability to large-scale en
gineering problems requiring high computational performance.

1. Introduction

In the field of engineering and computational mechanics, the finite 
element method (FEM) has been widely adopted as a crucial numerical 
approach to analyze the mechanical behavior of complex structures, 
such as seismic structure-media interactions (Zhao et al., 2020; Zhang 
et al., 2021a) and crack propagation (Zhao et al., 2018; Du et al., 2020), 
etc. However, with advances in engineering technology and increasing 
demands for computational accuracy and efficiency, the limitations of 
traditional FEM have become increasingly evident in specific applica
tion scenarios. In the numerical simulation of structures characterized 
by complex geometry, the inherent disadvantage in mesh discretization 
flexibility of FEM may adversely affect its computational accuracy and 
efficiency.

In this context, the semi-analytical scaled boundary finite element 
method (SBFEM) has garnered significant academic attention. SBFEM is 
proposed by Song and Wolf (1997, 1998), and its core idea is to trans
form the solution domain from the traditional full-space discretization to 
the discretization on the boundary only, meanwhile, the scaled bound
ary coordinate system is applied to describe the problem geometry and 

physical properties. This innovative method unifies the beneficial as
pects of FEM and the boundary element method, which not only retains 
the feasibility of the FEM in dealing with nonlinear problem, but also 
inherits the advantages of the BEM in reducing the dimension of the 
problem and simplifying the mesh generation process (Song et al., 2018; 
Ooi et al., 2020), this unique feature enables SBFEM to competently 
compute polygonal elements with an arbitrary number of nodes. In 
addition, SBFEM achieves an analytical solution in the radial direction 
(Song et al., 2010; Ooi et al., 2016), potentially offering higher accuracy 
than FEM and providing more effective solutions for certain complex 
problems.

In recent years, Song has thoroughly researched and developed the 
basic theory of SBFEM, including its mathematical foundation (Song and 
Wolf, 1997), numerical stability (Song 2004) and accuracy analysis 
(Song 2009). The series of work has provided solid theoretical support 
for the method and promoted its application in several research fields. 
Ooi et al. (2015, 2016, 2018, 2020) have further advanced this foun
dation through theoretical developments in SBFEM, enabling its appli
cation to a wider range of problems. Chen et al. (2017, 2018a, 2018b)
applied SBFEM to the earth and rock dam engineering, offering a highly 
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accurate and flexible solution for large-scale engineering applications. 
Chen et al. (2024) and Nie et al. (2024a, 2024b) extended the single 
element order type in SBFEM to mixed-order element types between 
first- and second-order, this advancement greatly broadened the di
versity of element libraries supported by SBFEM. To analyze wave 
phenomena in infinite domains, Zhao and his colleagues (Zhang et al., 
2023a, 2023b, 2024a, 2024b, 2024c) introduced a scaled-boundary 
perfectly matched layer approach, which has shown high reliability 
and robustness in engineering applications. Du et al. (Du et al., 2023, 
Zhang et al., 2019, 2021b) utilized SBFEM to model crack propagation 
problems, numerical results indicate that the presented technique ex
hibits enhanced precision and computational performance. In addition 
to the research mentioned above, SBFEM has also been successfully 
applied to the double-phase-field algorithm (Zhuo et al., 2025), Cosserat 
continuum analysis (Chen et al., 2021, Nie et al., 2024c), and free vi
bration analysis (Liu et al., 2021, Ye et al., 2023), among others.

Despite its numerous advantages, SBFEM still faces some challenges 
in practical applications. Among these challenges, a major research 
focus is optimizing computational efficiency without compromising 
accuracy. This challenge stems from the boundary scaling process in 
SBFEM, where the elemental domain of an n-sided polygon is typically 
subdivided into n sub-triangles. To ensure computational stability, it is 
necessary to allocate 3 integration points to each sub-triangle. As a 
result, a total of 3n integration points are required per element, which 
undoubtedly poses a significant challenge to computational efficiency 
and calculation resource consumption. In FEM, the direct use of a single 
integration within an element, i.e. the reduced integration, gives rise to 
a series of numerical instability issues, including the hourglass mode 
(Flanagan and Belytschko, 1981) and a diminished capacity to capture 
high gradient regions (Zienkiewicz et al., 1971). Thus, an optimal 
integration scheme for SBFEM should strike a balance between 
computational accuracy and efficiency.

In the context of mesh-free methods, recent research has focused on 
strategies to reduce integration points, leading to approaches such as 
stress-point integration (Fries and Belytschko, 2008; Duan and 
Belytschko, 2009), support domain integration (Kie et al., 2006; Liu and 
Belytschko, 2010), and one-point integration schemes (Wang et al., 
2019; Duan et al., 2012a). Among these, consistent one-point integra
tion has emerged as a stable and efficient method for reducing compu
tational costs in mesh-free analysis. This method employs only a single 
integration point per subdomain to evaluate the Galerkin weak form. 
Building on the strain smoothing technique and the divergence theorem, 
Duan et al. (2012b) proposed a consistency framework for mesh-free 
nodal derivatives. Within this framework, an integration scheme 
called the consistent three integration scheme (QC3) is proposed, which 
accurately reproduces linear strain fields by correcting nodal derivatives 
at the integration point. Afterwards, Duan et al. (2012a) incorporated 
higher-order derivatives into the discrete divergence consistency 
method through a Taylor’s series expansion, enabling the trans
formation of QC3 into a one-point integration scheme.

In this paper, the linearly consistent one-point integration scheme is 
adapted from the mesh-free method to 2D SBFEM. Only one integration 
point is required per sub-triangle domain within the element. The pro
posed method employs a linear smoothing function for weighted aver
aging of the compatible strain, followed by the derivation of smoothed 
nodal derivatives at the geometric center of the sub-triangle domain via 
the discrete form of the divergence theorem. To ensure numerical sta
bility and accuracy, a stabilization technique corrects the derivatives of 
the nodal shape functions at the one integration point through Taylor’s 
expansion. The stiffness matrix and the strain–displacement matrix are 
assembled through the Taylor’s expansion form of the derivatives of the 
nodal shape functions. The accuracy, efficiency, and applicability are 
investigated through several benchmark examples in both elastic and 
elastoplastic problems.

The structure of this paper is as follows: In Section 2, the theoretical 
formulation of the 2D SBFEM is briefly reviewed. Section 3 discusses the 

use of linear smoothing technique to calculate corrected nodal shape 
function derivatives, along with the one-point integration scheme in the 
SBFEM system. Section 4 provides numerical examples to validate the 
accuracy and efficiency of the proposed method for different problems. 
Section 5 further illustrates its practical application in geotechnical 
structures. Finally, the conclusions are summarized in Section 6.

2. Theoretical derivation of 2D SBFEM

2.1. Coordinates transformation

In 2D SBFEM, polygons with an arbitrary number of edges are sup
ported, provided that their geometry satisfies a specified scaling 
requirement, which involves selecting an interior scaling center O 
(Fig. 1) from which the entire boundary is directly visible. A unique local 
coordinate system (ξ, s) is adopted in the SBFEM theory, as shown in 
Fig. 1, where ξ represents the radial coordinate, ranging from 0 to 1, and 
s represents the circumferential coordinate of each edge with a value 
ranging from − 1 to 1. A point in the Cartesian coordinate system {x, y} 
can be represented in the scaled boundary coordinate system (ξ, s) as: 

x(ξ, s) = x0 + ξN(s)xb (1) 

y(ξ, s) = y0 + ξN(s)yb (2) 

N(s) = [N1(s),N2(s),N3(s), ...Nm(s) ] (3) 

where x0, y0 are scaling center coordinates, xb, yb are the nodal co
ordinates vector of the line element on the boundary, and N(s) is the 
shape function matrix of the line element with m nodes.

2.2. Scaled boundary general solution

The approximate displacement at any point within the scaled coor
dinate system of a sub-triangle domain can be expressed as: 

u(ξ, s) = Nu(s)u(ξ) (4) 

where u(ξ) are the analytical function of nodal displacement along the 
radial line. Nu(s) is the nodal shape function matrix, which is defined as: 

Nu(s) =
[

N1(s) 0 N2(s) 0 ... 0 Nm(s) 0
0 N1(s) 0 N2(s) 0 ... 0 Nm(s)

]

(5) 

Following Galerkin’s weighted residual method (Song and Wolf, 

Fig. 1. Local coordinate diagram in SBFEM.
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1997), the partial differential equations about the radial displacements 
functions u(ξ), which are regarded as the SBFEM governing equation for 
displacement, can be formed and it is expressed as: 

E0ξ2u(ξ) ξξ +(E0 + E1 + ET
1)ξu(ξ),ξ − E2u(ξ) = 0 (6) 

where the coefficient matrices Ei (i = 0, 1, 2), which is related to the 
geometry and material properties, are assembled from each subdomain, 
the equation can be rewritten as: 

E0 =

∫ +1

− 1
BT

1DB1|J|ds (7a) 

E1 =

∫ +1

− 1
BT

2DB1|J|ds (7b) 

E2 =

∫ +1

− 1
BT

2DB2|J|ds (7c) 

where B1 and B2 are strain–displacement matrices, J is the Jacobian 
matrix, they are defined as: 

B1 = b1(s)N(s) (8a) 

B2 = b2(s)N(s),s (8b) 

J =

[
N(s)xb N(s)yb
N(s),sxb N(s),syb

]

(8c) 

By introducing an intermediate variable X(ξ), the equation in Eq. (6)
can be transformed into a first-order differential equation of the 
following form: 

ξX(ξ),ξ = − ZX(ξ) (9) 

X(ξ) =
[

u(ξ)
q(ξ)

]

(10) 

where q(ξ) in Eq. (10) is analytical function related to the internal nodal 
forces, and it is equal to: 

q(ξ) = E0ξu(ξ),ξ +ET
1u(ξ) (11) 

The Hamilton matrix Z is: 

Z =

[
E− 1

0 ET
1 − E− 1

0

− E1 + E1E− 1
0 ET

1 − E1E− 1
0

]

(12) 

The block-diagonal Schur decomposition of matrix Z in Eq. (12) is 
performed, the Schur block results in the following equation: 

Z
[

ψu
ψq

]

=

[
ψu
ψq

]

S (13) 

S =

[
Sn

Sp

]

(14) 

with S being a diagonal matrix containing the real parts of the eigen
values of the Z, Sn and Sp contain the eigenvalues with negative and 
positive real parts which are sorted in ascending order. ψu and ψq are the 
eigenvectors of the Z. The general solution for displacement u(ξ) in Eq. 
(6) is derived from these solved variables and expressed as: 

u(ξ) = ψuξ− Sn c (15a) 

q(ξ) = ψqξ− Sn c (15b) 

In Eq. (15), the integration constants c can be determined from the 
nodal displacement on the boundary ub = u (ξ = 1): 

c = ψ − 1
u ub (16) 

2.3. Scaled boundary shape functions

The radial displacement function u(ξ) can be first derived by 
substituting Eq. (16) into Eq. (15a): 

u(ξ) = ψuξ− Sn ψ − 1
u ub (17) 

The displacement field u(ξ, s) of the element in the scaled boundary 
coordinates can be expressed by substituting Eq. (17) into Eq. (4): 

u(ξ, s) = Nu(ξ, s)ψuξ− Sn ψ - 1
u ub (18) 

Eq. (18) can be expressed as the product of the shape function matrix 
Φ(ξ, s) and the node displacement ub as in FEM, such as: 

u(ξ, s) = Φ(ξ, s)ub (19) 

where Φ(ξ, s) is shape functions in the scaled boundary coordinates, 
which is defined as: 

Φ(ξ, s) = Nu(ξ, s)ψuξ− Sn ψ − 1
u (20) 

It is worth noting that, unlike the FEM, the shape function matrix 
Φ(ξ, s) of the SBFEM is a full matrix with the form shown in Eq. (20). 

Φ =

[
Φ11 Φ12 Φ13 Φ14 ... Φ1(2m− 1) Φ1(2m)

Φ21 Φ22 Φ23 Φ24 ... Φ2(2m− 1) Φ2(2m)

]

(21) 

3. One-point integration scheme in SBFEM system

In current SBFEM research, the commonly used traditional integra
tion scheme for linear elements is to arrange 3 integration points for 
each sub-triangle domain of the element, as shown in Fig. 2. In this 
section, we extend the recently developed linearly consistent one-point 
integration scheme proposed by Duan et al. (2012a) for mesh-free 
methods to SBFEM system, in this way, the number of integration 
points required in each sub-triangle domain can be reduced to one, and 
the specific implementation process is shown below.

3.1. Linear strain smoothing technique

First, in 2D SBFEM, the compatible strain field ε(x) within the 

Fig. 2. The conventional integration scheme in SBFEM.
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element domain can be represented in the form of a Cartesian coordinate 
system as: 

ε(x) = B(x)ub (22) 

where 

B(x) =

⎡

⎣
Φ11,x Φ12,x ... Φ1(2m),x
Φ21,y Φ22,y ... Φ2(2m),y

Φ11,y + Φ21,x Φ12,y + Φ22,x ... Φ1(2m),y + Φ2(2m),x

⎤

⎦ (23) 

After, within the smoothed finite element method framework (Liu 
et al., 2007), the compatible strain field ε(x) within the element domain 
is averaged through the application of a weighting function f(x), thus 
leading to the derivation of a smoothed (corrected) strain field ε̃(x) as 
expressed in the following equation. 

ε̃(x) =
∫

Ω
ε(x)f(x)dS (24) 

By writing Eq. (24) at the derivative level of the nodal shape func
tion, it can be expressed by means of the divergence theorem as: 
∫

Ω
Φ̃ij,x(x)f(x)dS =

∫

Γ
Φij(x)f(x)nxdΓ−

∫

Ω
Φij(x)f ,x(x)dS (25) 

in which, the linear smoothing function f(x) = [1 x y]T is used for the 
calculation of the corrected derivatives of the shape function Φ̃ij,x(x), 
this formula is the so-called discrete divergence consistency in the 
consistency framework (Gao et al., 2016). Notably, in the current stage 
of the computational model, each sub-triangle domain still needs to be 
configured with 3 integration points, and the adoption of one-point 
integration (i.e. reduced integration method) in the meshless method 
at this time will lead to a singularity in the calculation (Duan et al., 
2014), while in FEM, the reduced integration method will lead to a 
decrease in computational accuracy (Hughes et al., 1978).

By considering higher-order derivatives Φ̃ij,xx(x),Φ̃ij,xy(x) of the 
corrected shape functions Φ̃ij,x(x) in the geometric center of the sub
domain, i.e. Oc(xc, yc) in the Fig. 3 in the form of Taylor’s expansion, this 
instability can be avoided. The Taylor’s expansion form of terms Φ̃ij,x(x), 
f(x) and Φij(x) are expressed as follows: 

Φ̃ij,x(x) = Φ̃ij,x(Oc)+ (x − xc)Φ̃ij,xx(Oc)+ (y − yc)Φ̃ij,xy(Oc)+H.O.T (26) 

f(x) = f(Oc)+ (x − xc)f ,x(Oc)+ (y − yc)f ,y(Oc)+H.O.T (27) 

Φij(x) = Φij(Oc) + (x − xc)Φij,x(Oc) + (y − yc)Φij,y(Oc)

+
1
2
(x − xc)

2Φij,xx(Oc) + (x − xc)(y − yc)Φij,xy(Oc)

+
1
2
(y − yc)

2Φij,yy(Oc) + H.O.T

(28) 

3.2. Solution of corrected shape functions

In Section 3.1, Oc(xc, yc) is the so-called One-point integration, as 

shown in Fig. 3. To solve the corrected first- and second-order partial 
derivatives of the shape functions at the one integration point, we first 
substitute Eq. (26) to (28) into Eq. (25), which gives: 

f(Oc)AΦ̃ij,x(Oc) +
[
f ,x(Oc)Ixx + f ,y(Oc)Ixy

]
Φ̃ij,xx(Oc)

+
[
f ,x(Oc)Ixy + f ,y(Oc)Iyy

]
Φ̃ij,xy(Oc)

=

∫

Γ
Φij(x)f(x)nxdS −

[

AΦij(Oc) +
1
2
IxxΦij,xx(Oc) + IxyΦij,xy(Oc)

+
1
2
IyyΦij,yy(Oc)

]

(29) 

where A is the area of the sub-triangle domain. The second-order mo
ments related to the subdomain centre Oc are given by: 
⎧
⎨

⎩

Ixx
Ixy
Iyy

⎫
⎬

⎭
=

∫

Ω

⎧
⎨

⎩

(x − xc)
2

(x − xc)(y − yc)

(y − yc)
2

⎫
⎬

⎭
dS (30) 

The corresponding first-order area moments are as follows: 
{

Ix
Iy

}

=

∫

Ω

{
(x − xc)

(y − yc)

}

dS = 0 (31) 

For f(x) = [1 x y]T, its corresponding terms in Taylor’s expansion are: 

f(Oc) =

⎧
⎨

⎩

1
xc
xc

⎫
⎬

⎭
, f ,x(Oc) =

⎧
⎨

⎩

0
1
0

⎫
⎬

⎭
, f ,y(Oc) =

⎧
⎨

⎩

0
0
1

⎫
⎬

⎭
(32) 

The first term on the right side of Eq. (29) is integrated using 2 Gauss 
integration points (Fig. 4) on each edge, and substituting Eq. (32) into 
Eq. (29), a system of linear equations can be represented as: 

⎡

⎣
A 0 0

Axc Ixx Ixy
Ayc Ixy Iyy

⎤

⎦

⎡

⎢
⎢
⎣

Φ̃ij,x(Oc)

Φ̃ij,xx(Oc)

Φ̃ij,xy(Oc)

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎣

Fx
ij,1

Fx
ij,2

Fx
ij,3

⎤

⎥
⎥
⎦ (33) 

where 

Fig. 3. The proposed one-point integration scheme in SBFEM.

Fig. 4. Schematic diagram of one-point integration scheme for sub-triangle.
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⎡

⎢
⎢
⎣

Fx
ij,1

Fx
ij,2

Fx
ij,3

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∑3

L=1

∑Gn

G=1
Φij(pG)nL

xwG

∑3

L=1

∑Gn

G=1
Φij(pG)xGnL

xwG − FΩ

∑3

L=1

∑Gn

G=1
Φij(pG)yGnL

xwG

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(34) 

with 

FΩ = AΦij(Oc)+
1
2
IxxΦij,xx(Oc)+ IxyΦij,xy(Oc)+

1
2
IyyΦij,yy(Oc) (35) 

where Φij(Oc), Φij,x(Oc), Φij,xx(Oc) and Φij,xy(Oc) are the standard shape 
functions and its corrected derivatives which are obtained at the geo
metric center Oc (xc, yc) of the sub-triangle domain. L is the number of 
edges in the sub-triangle domain, and G is the number of line Gauss 
points on each side, for a linear element Gn = 2, while for a quadratic 
element Gn = 3. pG is the line Gauss point, (xG, yG) and wG are the line 
Gauss point coordinate and its weight along the boundary of the sub- 
triangle domain; nL

x is the x-direction component of the unit normal 
vector of the line element in sub-triangle domain. In SBFEM, the de
rivatives of the shape function in natural coordinates involve a Jacobian 
transformation concerning the scaled boundary coordinate system, 
which is expressed as: 
⎡

⎢
⎢
⎢
⎣

∂
∂ξ
∂
∂s

⎤

⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎣

∂x
∂ξ

∂y
∂ξ

∂x
∂s

∂y
∂s

⎤

⎥
⎥
⎥
⎦

⋅

⎡

⎢
⎢
⎢
⎣

∂
∂x
∂
∂y

⎤

⎥
⎥
⎥
⎦
= J⋅

⎡

⎢
⎢
⎢
⎣

∂
∂x
∂
∂y

⎤

⎥
⎥
⎥
⎦

(36) 

By virtue of the Jacobian matrix, the first-order derivative of the 
shape function Φij,x(Oc) in the Cartesian coordinate system can be 
related to the first-order derivative Φij,ξ(Oc) and Φij,s(Oc) in the scaled 
boundary coordinate system with the following expression: 

Φij,x(Oc) =
1
|J|

⋅
[

y(s),s⋅Φij,ξ −
1
ξ

⋅y(s)⋅Φij,s

]

Φij,y(Oc) =
1
|J|

⋅
[

− x(s),s⋅Φij,ξ +
1
ξ

⋅x(s)⋅Φij,s

] (37) 

Based on Eq. (36) and (37), the second-order derivative of the shape 
function Φij,xx(Oc), Φij,xy(Oc) and Φij,yy(Oc) in the Cartesian coordinate 
system can be expressed as: 

Φij,xx(Oc) =
1
|J|

⋅
[

y(s),s⋅
∂Φij,ξ

∂x
−

1
ξ

⋅y(s)⋅
∂Φij,s

∂x

]

=
1
|J|2

⋅
{

y(s)2
,s ⋅ Φij,ξξ −

2
ξ

⋅y(s)⋅y(s),s⋅Φij,ξs +
1
ξ2⋅y(s)2⋅Φij,ss

}

(38) 

Φij,xy(Oc) =
1
|J|

⋅
[

y(s),s⋅
∂Φij,ξ

∂y
−

1
ξ

⋅y(s)⋅
∂Φij,s

∂y

]

=
1
|J|2

⋅
{

− x(s),s⋅y(s),s⋅Φij,ξξ +
1
ξ

[
x(s)⋅y(s),s + x(s),s⋅y(s)

]
⋅Φij,ξs 

−
1
ξ2⋅ x(s)⋅y(s)⋅Φij,ss

}

(39) 

Φij,yy(Oc) =
1
|J|

⋅
[

− x(s),s⋅
∂Φij,ξ

∂y
+

1
ξ

⋅x(s)⋅
∂Φij,s

∂y

]

=
1
|J|2

⋅
{

x(s)2
,s ⋅ Φij,ξξ −

2
ξ

⋅x(s)⋅x(s),s⋅Φij,ξs +
1
ξ2⋅x(s)2⋅Φij,ss

}

(40) 

By observation, Eq. (34) can be analytically solved, and the corrected 
derivatives can be explicitly expressed as: 

Φ̃ij,x(Oc) =
Fx

ij,1

A
⎧
⎪⎨

⎪⎩

Φ̃ij,xx(Oc)

Φ̃ij,xy(Oc)

⎫
⎪⎬

⎪⎭
=

1
IxxIyy − I2

xy

⎧
⎪⎪⎨

⎪⎪⎩

Iyy

(
Fx

ij,2 − Fx
ij,1xc

)
− Ixy

(
Fx

ij,3 − Fx
ij,1yc

)

Ixx

(
Fx

ij,3 − Fx
ij,1yc

)
− Ixy

(
Fx

ij,2 − Fx
ij,1xc

)

⎫
⎪⎪⎬

⎪⎪⎭

(41) 

In a similar manner, the methodology for solving the derivatives in 
the y-direction is implemented as follows: 

⎡

⎣
A 0 0

Axc Ixx Ixy
Ayc Ixy Iyy

⎤

⎦

⎡

⎢
⎢
⎣

Φ̃ij,y(Oc)

Φ̃ij,yx(Oc)

Φ̃ij,yy(Oc)

⎤

⎥
⎥
⎦ =

⎡

⎢
⎢
⎢
⎣

Fy
ij,1

Fy
ij,2

Fy
ij,3

⎤

⎥
⎥
⎥
⎦

(42) 

where 

⎡

⎢
⎢
⎢
⎣

Fy
ij,1

Fy
ij,2

Fy
ij,3

⎤

⎥
⎥
⎥
⎦
=

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∑3

L=1

∑Gn

G=1
Φij(pG)nL

ywG

∑3

L=1

∑Gn

G=1
Φij(pG)xGnL

ywG

∑3

L=1

∑Gn

G=1
Φij(pG)yGnL

ywG − FΩ

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(43) 

The variables in Eq. (43) are defined similarly to their x-direction 
counterparts above. The analytic solutions to Eq. (43) leads to: 

Φ̃ij,y(Oc) =
Fy

ij,1

A
⎧
⎪⎨

⎪⎩

Φ̃ij,yx(Oc)

Φ̃ij,yy(Oc)

⎫
⎪⎬

⎪⎭
=

1
IxxIyy − I2

xy

⎧
⎪⎪⎨

⎪⎪⎩

Iyy

(
Fy

ij,2 − Fy
ij,1xc

)
− Ixy

(
Fy

ij,3 − Fy
ij,1yc

)

Ixx

(
Fy

ij,3 − Fy
ij,1yc

)
− Ixy

(
Fy

ij,2 − Fy
ij,1xc

)

⎫
⎪⎪⎬

⎪⎪⎭

(44) 

3.3. Corrected stiffness matrix in SBFEM system

To incorporate high-order corrected derivatives into the solution 
equation, the corrected nodal derivatives are employed to determine the 
corrected stiffness matrix of the element, by this way, the corrected 
stiffness matrix is expanded in the form of a Taylor’s expansion to 
obtain: 

K̃=

∫

Ω
B̃

T
DB̃dS

=

∫

Ω

(

B̃
T
+ B̃

T
,x(x − xc)+ B̃

T
,y(y − yc)

)

D
(

B̃+ B̃,x(x − xc)+ B̃,y(y − yc)

)

dS

=AB̃
T
DB̃+ IxxB̃

T
,xDB̃,x + IyyB̃

T
,yDB̃,y + Ixy

(

B̃
T
,xDB̃,y + B̃

T
,yDB̃,x

)

(45) 
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where    
For enhanced comprehension of reader, the entire implementation 

process of the one-point integration scheme is presented in Fig. 5. Be
sides, the body force is re-solved in the same way as: 

Fig. 5. Flowchart of the process of one-point integration scheme.

Fig. 6. Cook’s membrane model.

Fig. 7. Different mesh configurations of the cook′s membrane.

Table 1 
Detailed information on different integration schemes in SBFEM.

Integration scheme Schematic 
diagram

Description

The full integration Three integration points

The reduced integration One integration point without strain 
smoothing technique

One-point integration in 
this paper

One integration point with strain 
smoothing technique

B̃ =

⎡

⎣
Φ̃11,x(Oc) Φ̃12,x(Oc) ... Φ̃1(2m),x(Oc)

Φ̃21,y(Oc) Φ̃22,y(Oc) ... Φ̃2(2m),y(Oc)

Φ̃11,y(Oc)+Φ̃21,x(Oc) Φ̃12,y(Oc)+Φ̃22,x(Oc) ... Φ̃1(2m),y(Oc)+Φ̃2(2m),x(Oc)

⎤

⎦ (46) 

B̃,x =

⎡

⎣
Φ̃11,xx(Oc) Φ̃12,xx(Oc) ... Φ̃1(2m),xx(Oc)

Φ̃21,yx(Oc) Φ̃22,yx(Oc) ... Φ̃2(2m),yx(Oc)

Φ̃11,yx(Oc)+Φ̃21,xx(Oc) Φ̃12,yx(Oc)+Φ̃22,xx(Oc) ... Φ̃1(2m),yx(Oc)+Φ̃2(2m),xx(Oc)

⎤

⎦,

B̃,y =

⎡

⎣
Φ̃11,xy(Oc) Φ̃12,xy(Oc) ... Φ̃1(2m),xy(Oc)

Φ̃21,yy(Oc) Φ̃22,yy(Oc) ... Φ̃2(2m),yy(Oc)

Φ̃11,yy(Oc)+Φ̃21,xy(Oc) Φ̃12,yy(Oc)+Φ̃22,xy(Oc) ... Φ̃1(2m),yy(Oc)+Φ̃2(2m),xy(Oc)

⎤

⎦

(47) 
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fb =

∫

Ω
ΦTbdΩ

= AΦTb| Oc +
1
2
Ixx
c ΦT

,xxb| Oc + Ixy
c ΦT

,xyb| Oc +
1
2
Iyy
c ΦT

,yyb| Oc

(48) 

It is important to emphasize that the derivatives of the corrected 
nodal shape functions are specifically employed for the calculation of 
the stiffness matrix of the element, while the standard nodal derivatives 
remain applicable for the calculation of the body force terms.

4. Numerical examples

4.1. Bending Cook’s membrane problem

4.1.1. Model information
To illustrate the effectiveness and accuracy of the one-point inte

gration scheme in this paper, the Cook’s membrane problem (Cook 
et al., 1984), a widely used benchmark in computational mechanics, is 
employed. The geometry and boundary conditions of the Cook’s mem
brane are illustrated in Fig. 6. The beam has a tapered shape with di
mensions of 48 mm in length, 16 mm in height at the clamped end, and 
44 mm in height at the free end. The left end of the beam is fully 
clamped, where all degrees of freedom are constrained, while a uni
formly distributed shear load of F = 1N/mm2 is applied at the right end. 
The material behavior is assumed to follow linear elasticity, with a 
Young’s modulus (E) of 1 Pa and a Poisson’s ratio (ν) of 0.333. The 
problem is solved under plane stress conditions.

4.1.2. Mesh discretization
In this study, to ensure comprehensive evaluation of the computa

tional accuracy and convergence characteristics, five distinct mesh 
configurations, each with a different number of elements, are utilized. 
See Fig. 7, the model is discretized into meshes with 1 × 1, 2 × 2, 4 × 4, 
8 × 8 and 16 × 6 quadrilateral elements respectively.

4.1.3. Calculated displacement results and comparison
In this section, the vertical displacements at the bottom-right corner 

(Point A) of the beam are systematically computed and compared with 
results obtained from other well-established integration schemes in 
SBFEM to validate the proposed method. The comparative analysis in
cludes: ① The full integration scheme with three integration points; ② 
The reduced integration scheme, employing one integration point 
without strain smoothing technique; and ③ the proposed linearly 
consistent one-point integration scheme in this paper. The schematic 
diagrams of these different integration schemes are shown in the 
Table 1.

The finite element software GEODYNA 8.0 (Zou et al., 2022), which 
incorporates all the integration schemes listed in Table 1 for SBFEM, is 
utilized to perform the calculations on the aforementioned mesh con
figurations. The calculated displacement results for different integration 
schemes are shown in Fig. 8, and the displacement values of point A are 
summarized in Table 2, in which the reference solution is given by Long 
and Xu (1994). Here, we adopt the full integration scheme as a reference 
at the same mesh level. As shown in Table 2, as the mesh density in
creases, the displacement solutions corresponding to three different 
integration schemes gradually converge to the reference solution. When 
compared with the reference of the full integration scheme, the reduced 
integration scheme exhibits a certain degree of error, particularly in 
coarse mesh. Specifically, the relative error reaches approximately 10 % 
when only a single element is employed. The observed errors in the 
reduced integration scheme mainly result from numerical instability and 
insufficient sampling of the displacement field within the element. 
Consequently, these limitations may lead to inaccurate approximations 
of the integral terms in the formulation. In contrast, the one-point 
integration scheme maintains nearly the same computational accuracy 
as the full integration scheme, with all errors remaining very low and the 

Fig. 8. Displacement results of 4 × 4 mesh for different integration schemes.

Table 2 
Displacement values of point A in cook’s membrane.

Mesh The full 
integration

The reduced 
integration

One-point 
integration in this 
paper

uy/mm uy/ 
mm

Error a/ 
%

uy 

/mm
Error b/ 
%

1 × 1 6.69 ​ 6.06 9.42 ​ 6.69 0
2 × 2 12.71 ​ 11.57 8.97 ​ 12.69 0.16
4 × 4 17.75 ​ 17.01 4.25 ​ 17.74 0.06
8 × 8 22.28 ​ 21.73 2.47 ​ 22.27 0.04
16 × 16 23.87 ​ 23.44 1.80 ​ 23.86 0.04
Reference 23.96

a,bErrors of the reduced and one-point integration with the full integration for 
the same mesh.

Fig. 9. Square plate with circular hole model.
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maximum error not exceeding 0.16 %. This demonstrates that the one- 
point integration scheme has good effectiveness and accuracy in simu
lating bending problems.

It is worth noting that reduced integration schemes do not exhibit 
significant errors in comparison to the other two integration schemes. 
This observation stems from the ’reduced’ integration being performed 
solely within each sub-triangle domain, while the total number of 

integration points in the n-sided element remains n. Therefore, the use of 
the reduced integration scheme does not lead to significantly poor 
computational results.

4.2. Square plate with circular hole

In computational mechanics, stress concentration is a critical 

Fig. 10. Different mesh levels of the square plate.

Fig. 11. Stress distribution of different integration schemes for level 4.
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phenomenon that exhibits particular sensitivity to numerical integration 
schemes. To illustrate the performance of the one-point integration 
scheme presented herein, this study employs a benchmark problem that 
involves stress concentration.

4.2.1. Model information
In this section, a square plate with a circular hole at its center, which 

is shown in Fig. 9, is employed as a benchmark example to investigate 
the stress concentration behavior under biaxial loading. The geometry 
consists of a 2D square domain with edge length L = 10 m, containing a 
concentric circular hole of radius R = 1 m, where the ratio R/L is 
maintained at 0.2 to ensure proper stress concentration effects. The plate 
is subjected to uniform tensile stress q = 6e8Pa along the x-direction at 
both ends, while remaining stress-free along the y-direction boundaries, 
creating a biaxial stress state in the vicinity of the hole. The material is 
considered to be isotropic and linearly elastic, with a Young’s modulus 
of E = 210 GPa and a Poisson’s ratio of ν = 0.3. These material pa
rameters are selected to represent typical engineering materials, 

ensuring the results are applicable to practical scenarios.

4.2.2. Mesh discretization
To systematically evaluate the performance of the one-point inte

gration scheme in this paper under varying levels of mesh, five distinct 
mesh configurations with different levels (see Fig. 10), which include 
282, 1152, 2592 and 4608 elements, are generated. These meshes are 
specifically designed to accurately capture the stress distribution around 
the edge of hole, where the stress concentration is most pronounced. 
Meanwhile, this progressive mesh refinement is implemented to achieve 
a converged solution and to obtain the theoretical stress distribution 
along the hole boundary. The finest mesh level, consisting of 4608 ele
ments, is employed as the reference solution to validate the results from 
coarser meshes.

4.2.3. Calculated stress results and comparison
Numerical simulations using three integration schemes, i.e., the full 

integration scheme, the reduced integration scheme, and the proposed 
linearly consistent one-point integration scheme in this paper, based on 
different mesh levels are performed, and the contours of the stress 
component σx obtained from the calculation of the finest mesh with level 

Table 3 
The comparison of stress component σx in point A.

Mesh 
level

The full 
integration

The reduced 
integration

One-point 
integration in this 
paper

σx /10ePa σx 

/10ePa
Error 
a/%

σx 

/10ePa
Error 
b/%

1 1.17 ​ 0.98 16.24 ​ 1.17 0
2 1.25 ​ 1.01 19.20 ​ 1.25 0
3 1.50 ​ 1.13 25.67 ​ 1.50 0
4 1.71 ​ 1.24 27.49 ​ 1.71 0

a,bErrors of the reduced and one-point integration with the full integration for 
the same mesh.

Fig. 12. σx of point A versus mesh level of different integration schemes.

Fig. 13. Strip foundation and soil model.

Table 4 
Material parameters of the perfect elastic–plastic soil.

c/kPa φ/(◦) ψ/(◦) γ/(KN/m3) E/MPa v

1.0 0 0 2.360 0.5 0.49

Fig. 14. The discretized quadtree mesh for strip foundation and soil model.

Fig. 15. Comparison of Nc for different integration schemes.
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4 are shown in Fig. 11. As can be seen from Fig. 11, stress concentration 
occurs at the top and bottom of the circular hole due to the geometry and 
loading conditions.

Further, we selected point A, which is marked in Fig. 9, at the upper 
edge of the hole, which has the largest change in strain gradient, as the 
observation point. The stress values at point A obtained for the simu
lation of the three integration schemes are listed in Table 3 and Fig. 12. 
The full integration results serve as the reference solution for 
comparison.

The analysis reveals obvious deviations between the stress solutions 
obtained using reduced integration scheme and those from the full 
integration scheme. Regardless of the mesh density, the errors in the 
stress solutions computed by the reduced integration scheme exceed 15 
% compared to the full integration results. Moreover, as the mesh den
sity increases, these errors exhibit an increasing trend rather than 
converging toward the reference solution. This phenomenon originates 
from the numerical instability inherent in the reduced integration 
scheme, which fails to adequately capture the stress gradients near the 
hole’s edge because of insufficient sampling points. Consequently, the 
reduced integration scheme produces substantial inaccuracies in regions 
with high stress gradients.

In contrast, the one-point integration scheme in this paper demon
strates remarkable accuracy and consistency. Despite fewer integration 
points are employed, it achieves stress solutions identical to those of the 
full integration scheme at all mesh levels. The presented example 
demonstrates that the one-point integration scheme eliminates the 
intrinsic constraints of conventional reduced integration schemes while 
retaining the computational simplicity of one single integration point 
scheme. Thus, this approach offers a robust and reliable computational 
framework for accurately predicting stress concentration phenomenon, 
making it particularly well-suited for practical engineering applications.

4.3. Strip foundation bearing capacity

4.3.1. Model information
The present example investigates the ultimate bearing capacity of a 

strip foundation resting on a perfect elastic–plastic soil, which is a 
classical example first studied by Prandtl (1920). A 2D numerical model 
(Fig. 13) is established, where the strip footing has a width of B = 10 m. 
The soil domain extended to a depth of 2B and a width of 7B, ensuring 
minimal boundary effects on the results. The soil is modeled as a perfect 
elastic–plastic material following an associated flow rule, with a Mohr- 
Coulomb failure criterion governing its plastic behavior, and the mate
rial parameters are given in Table 4. The strip foundation is subjected to 
a uniform vertical displacement of uy = 0.5 m, and boundary conditions 
are also applied as depicted in Fig. 13.

4.3.2. Calculation results
Given the symmetry, only half of the model is discretized, a quadtree 

computational mesh with 892 elements and 964 nodes is generated, 
which has been shown in Fig. 14. The size of quadrilateral elements far 
away from the strip foundation is 1 m × 1 m, while the soil near the strip 
foundation is refined into the mesh of 0.5 m × 0.5 m. According to the 
derivation of Prandtl (1920), the analytical value of ultimate bearing 
capacity Nc can be expressed as: 

Nc =
[
eπtanφtan2

(π
4
+

φ
2

)
− 1

]
cotφ (49) 

For this example, the ultimate bearing capacity of the soil can be 
analytically calculated as Nc = 5.14. The SBFEM calculation applying 
full integration scheme and the one-point integration scheme in this 
paper is performed, where the vertical displacement is gradually applied 
in 1000 steps.

The bearing capacity coefficient Nc, calculated for both the full and 
the proposed one-point integration schemes, are plotted against the 
number of computation steps in Fig. 15. The figure shows that the curves 
between the two methods fit well, and as the number of computation 
steps increases, the bearing capacity coefficients Nc eventually converge 
to values closer to the analytical solution, with 5.28 for the full inte
gration scheme and 5.27 for the one-point integration scheme in this 
paper. The computational time required for the two methods is 960 s and 
413 s, respectively, as illustrated in Fig. 16. The results show that the 
one-point integration scheme in this paper is able to obtain a compu
tational accuracy comparable to that of the full integration scheme, 
however, the computation time can be reduced by 56.98 %.

5. An application of slope stability

This section presents a static slope stability analysis to illustrate the 

Fig. 16. Comparison of calculation times for different integration schemes.

Fig. 17. The slope model.

Table 5 
Material parameters of the slope filling soil.

c/kPa φ/(◦) ψ/(◦) γ/(KN/m3) E/MPa v

10 20 0 20 200 0.4

Fig. 18. The polygon mesh for the slope model.
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application of the proposed method to actual geotechnical structures. 
The slope has a height of 10 m and a horizontal length of 10 m with a 
slope angle of 45◦, as shown in Fig. 17. Other model information can also 
be obtained from the figure. At the left and right vertical boundary, a 
fixed horizontal displacement constraint (ux = 0) is imposed to prevent 
rigid body motion in the x-direction, while the bottom boundary is fully 
constrained (ux = uy = 0). The slope is only subject to the force of its own 
gravity. The soil material of the slope follows a perfectly elastic–plastic 
Mohr-Coulomb constitutive model with a non-associated flow rule. The 
key material properties are summarized in Table 5. The slope model is 
discretized into a mesh comprising 1,636 polygonal elements and 3,224 
nodes, as illustrated in Fig. 18.

The initial stress induced by self-weight is first established through 
SBFEM simulation. Following this, SBFEM analysis is performed with 
5000 calculation steps, and multiple strength reduction calculations 
yield the safety factor of Fs = 1.38 for the slope. Figs. 19-20 shows the 
slip surface and mesh deformation of the slope at the limit state obtained 
by two integration schemes, where the slip surface is characterized by 
the generalized shear strain (GSS). The analysis reveals a high degree of 
consistency between the two methods in assessing the two major slope 
stability indicators: the safety factor and the location of the slip surface. 
This consistency demonstrates the good validity and applicability of the 
one-point integration scheme in this paper in slope stability analysis. 
Comparison of calculation times for the two integration schemes are 
illustrated in Fig. 21. Compared to the full integration scheme, the one- 

point integration scheme offers superior computational efficiency, with 
a reduction of 47.63 % in computation time, which is a satisfactory 
computational improvement.

Finally, the one-point integration scheme in this paper demonstrates 
a notable efficiency advantage in the elastic–plastic calculation of large- 
scale structures, and it has good application prospects in large-scale 
geotechnical engineering problems.

6. Conclusion

In this paper, the linearly consistent one-point integration scheme is 
extended to 2D SBFEM to integrate arbitrary polygons. The compatible 
strain in each sub-triangle domain is smoothed by the linear strain 
smoothing technique, following which the derivatives of the smoothed 
nodal shape functions are computed via a discrete form of the diver
gence theorem at the geometric center of sub-triangle domain. Stabili
zation is implemented by incorporating higher-order derivative terms 
into the formulation to ensure computational reliability. The accuracy 
and the applicability of the proposed method are evaluated through 
several examples in elastic and elastoplastic problems. The principal 
conclusions are outlined below: 

1) The proposed one-point integration scheme within the SBFEM 
framework achieves acceptable computational accuracy. Despite 
employing only one integration point, the method maintains 
computational precision comparable to that of full integration 
scheme. Numerical examples reveal that the maximum error of the 
proposed method is merely 0.16 %, this exceptional accuracy is 
facilitated by the rigorous mathematical derivation underpinning the 
method, which effectively eliminates numerical instability issues 
commonly associated with reduced integration scheme.

2) Compared to the existing method, the proposed method demon
strates an enhanced computational efficiency. The reduction in the 
number of integration points effectively minimizes the time required 
for constitutive integration calculations, resulting in 45–60 % sav
ings in computational time, thereby offering a robust and efficient 
solution in numerical simulation.

3) The application prospects of this method for large-scale engineering 
applications have been revealed. SBFEM enables flexible polygon 
elements to be solved directly, ensuring good mesh applicability to 
complex structures; Besides, the efficiency advantage of the pro
posed method is expected to be further pronounced in large-scale 
engineering calculations, offering substantial application value.

Fig. 19. The slip failure for different integration schemes.

Fig. 20. Mesh deformation (magnification: 50) for two integration schemes.

Fig. 21. Comparison of calculation times for different integration schemes.
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The one-point integration scheme for each subdomain of SBFEM 
proposed in this paper can be further extended to 3D SBFEM, and its 
efficiency enhancement will be more significant, which is also a focus of 
our future research.
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